Abstract. In [6] Greenlees and Sadofsky showed that the classifying spaces of finite groups are self-dual with respect to Morava K-theory K(n). Their duality map was constructed using a transfer map. We generalize their duality map and prove a K(n)-version of Poincaré duality for classifying spaces of orbifolds. By regarding these classifying spaces as the homotopy types of certain differentiable stacks, our construction can be viewed as a stack version of Spanier-Whitehead type construction. Some examples and calculations will be given at the end.
Introduction and statement of results

Equivariant duality.
Manifolds and classifying spaces of groups are two important classes of spaces. For a closed oriented manifold M, Poincaré duality gives us a simple relation between its homology and cohomology H * (M, Z) ∼ = H m− * (M, Z).
Poincaré duality can be viewed as a consequence of the Thom isomorphism and the Spanier-Whitehead duality
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Here F (M −T M , S) denotes the function spectrum of maps from the Thom spectrum M −T M to the sphere spectrum S. Classifying spaces of groups, on the other hand, usually have nonzero integral homology groups in infinitely many degrees and hence cannot satisfy a duality of the form H * (BG, Z) ∼ = H m− * (BG, Z). Nevertheless, they exhibit duality properties with respect to Morava Ktheory.
For each fixed prime p, Morava K-theory is a sequence of homology theories K(n), n 0, with coefficient ring
n ] and deg v n = 2(p n − 1). In [14] Ravenel showed that for a finite group G, the n-th Morava K-theory cohomology ring K(n) * (BG) has finite rank over K(n) * . Later, it was shown in [6] that
which can be regarded as a K(n)-version of Poincaré duality for BG. Indeed, it was shown in [9] that the K(n)-localization of Σ ∞ BG + is selfdual in the category of K(n)-local spectra. Strickland [16] showed that (2) can be obtained using a transfer map for a covering map version of the diagonal BG → BG × BG. The transfer map, constructed by equivariant stable homotopy theory, gives a map of spectra
Composing this with the collapse map Σ ∞ BG + → Σ ∞ pt + = S gives Σ ∞ BG + ∧ Σ ∞ BG + → S, with adjoint
Taking K(n)-homology gives us the K(n)-self-duality of BG in (2) . In view of the dualities (1) for manifolds and (2) for classifying spaces of groups, one may ask for a duality theorem for spaces of the form EG × G M, where G is a compact Lie group and M is a G-manifold. For instance, if H is a finite subgroup of G, then M = G/H is a closed G-manifold and EG × G M ≃ BH is self dual with respect to Morava K-theory by (2) . In general, suppose G acts on a compact manifold M smoothly. The action is said to be almost free if it has finite stabilizers. In such case, one can generalize the result of Ravenel for classifying spaces of finite groups mentioned above to show that K(n) * (EG × G M) has finite rank over K(n) * . This finiteness condition is necessary for EG × G M to satisfy a K(n)-version of Poincaré duality. Our main theorem concerns the K(n)-duality of such spaces. Given such an G-action on M it gives rise to an orbifold with classifying space EG× G M. See [1] for background on orbifolds. Thus our main theorem can be viewed as a K(n)-version of Poincaré duality for classifying spaces of quotient orbifolds. It is a conjecture that every orbifold is equivalent to a quotient orbifold arising from a smooth, almost free Lie group action on a smooth manifold. See [8] for partial results towards this conjecture. These suggest that our result covers a large class of interesting orbifolds.
We introduce a few terminologies for our main theorem. Let G be a compact Lie group with adjoint representation g and M be a smooth G-manifold. Consider the G-vector bundles EG × T M → EG × M and EG×M ×g → EG×M induced by T M → M and the projection. Their G-orbits are the non-equivariant vector bundles EG × G T M → EG × G M and (EG × M × g)/G → EG × G M. For simplicity, we will denote them by T M and g respectively. The virtual bundle −T M + g defines a Thom spectrum (EG × G M)
−T M +g . Our main theorem below says that this Thom spectrum is the K(n)-dual of the suspension spectrum of EG × G M.
Theorem 1.1. Let p be a prime and K(n) be the corresponding n-th Morava K-theory. Let G be a compact Lie group acting on a smooth m-dimensional closed manifold M. Then the following holds: (a) There is a map of spectra
which reduces to (1) 
if G is trivial and (4) if M is a point and G is finite. (b) Suppose the G-action on M is almost free. Then the map (5) in-
duces K(n)-duality 1.2. K (n) self-duality for Deligne-Mumford stacks. Our map (5) is motivated by the similarities between the constructions of the duality maps (1) for M and (4) for BG. To make these similarities more transparent, we will need the notion of stack, which is a generalization of spaces. Both M and BG are the homotopy types of certain simple stacks, and this setup puts the two spaces on an equal footing. Indeed, the map (5) can be regarded as the stack version of the Spanier-Whitehead map. To elaborate this point, we first recall some important facts about stacks. See [7] , [11] for a detailed introduction on the subject. Let G be a compact Lie group and M be a smooth G-manifold. They define a differentiable quotient stack X = [M/G]. If the group action is almost free, then X is a Deligne-Mumford stack. A differentiable Deligne-Mumford stack is the same as an orbifold. The dimension dim X of X is equal to dim M − dim G. Every differentiable stack X has an associated homotopy type Ho(X), which can be defined in a functorial way [12] , [3] . For quotient stacks, Ho([M/G]) is given by the Borel construction EG × G M. It is well-defined up to homotopy in the sense that an equivalence of stacks
There is also a notion of tangent stacks for differentiable stacks. If X = [M/G] is a Deligne-Mumford stack, its tangent stack T X defines a vector bundle over Ho(X) = EG × G M, stably equivalent to the virtual bundle T M − g as in theorem 1.1. Hence, the Thom spectrum
We will show that in this situation, λ G,M and λ H,N as in (5) commute with the canonical equivalences (6) and (7). 
where the vertical weak equivalences are induced by (6) and (7) .
Note that if a differentiable Deligne-Mumford stack X admits an equivalence X ≃ [M/G], then Ho(X) ≃ EG × G M and homotopically (5) can be expressed as λ X : Σ ∞ Ho(X) + → F (Ho(X) −T X , S). The upshot of proposition 1.3 is that λ X is a well-defined map of the stack X, independent of the choices of G and M, in the sense that the diagram (8) commutes. As mentioned before, λ X can be considered as the stack version of Spanier-Whitehead map. Analogous to the case of manifolds, it is obtained from the Pontryagin-Thom construction of the diagonal map X → X × X. There is a general Pontryagin-Thom construction for local quotient stacks due to Ebert and Giansiracusa [4] .
In light of Proposition 1.3, the result in theorem 1.1 can be interpreted as the following Poincaré duality for the Deligne-Mumford stack
Corollary 1.4. Let p be a prime and K(n) be the corresponding n-th Morava K-theory. Let X be a Deligne-Mumford stack arising from an almost free action of a compact Lie group on a smooth closed manifold. Then the following holds: (a) There is a map of spectra
which induces K(n)-duality
(b) Suppose p > 2 and X is oriented. Then
1.3. Intersection theory on stacks. As in the case of Poincaré duality for manifolds, two consequences of the K(n)-duality of DeligneMumford stacks are the definitions of fundamental class and intersection product in homology.
Definition 1.5. Let X be an oriented q-dimensional Deligne-Mumford stack arising from the action of a compact Lie group on a smooth closed manifold. Let (λ X ) * : K(n) * (Ho(X)) ∼ = K(n) q− * (Ho(X)) be the isomorphism (11) if p > 2 or (10) 
) is defined to be the dual of cup product with respect to (λ X ) * . More precisely, α∩β := (λ X )
can also be defined by evaluating cohomology classes on [X] . It generalizes the integration map H q (Ho(X); Q) → Q in the case K(0) = HQ. Such a Q-valued integration map is used in different areas of mathematics such as Gromov-Witten theory.
A key difference between manifolds and Deligne-Mumford stacks is that the later possess singularities of finite order. A Deligne-Mumford stack is pointwisely equivalent to [pt/G] for some finite group G. Therefore, in order to understand intersection product, it is interesting to begin with
For manifolds, the intersection product in ordinary homology admits a geometric interpretation for transverse submanifolds. We look for an analogous statement for stacks defined by finite groups. Submanifolds can be replaced by subgroups. For the transversality condition, we propose the following definition. Definition 1.6. Two subgroups H and K of a finite group G is said to intersect transversely if HK := {hk|h ∈ H, k ∈ K} = G. 
The following is our intersection formula for transverse subgroups of G.
The organization of the paper is as follow. Section 2 contains background materials of equivariant stable homotopy theory from [10] . In section 3, we recall the basics of Tate spectrum, describe the duality map in our main theorem and explain the relation between the two. The proof of the main theorem will be presented in section 4. In section 5, we explain the construction of the duality map in our main theorem from the viewpoint of stacks and compare it with that of the SpanierWhitehead duality of manifolds. Some examples and calculations of classifying spaces of finite groups will be given in section 6.
Our work generalizes [6] for classifying spaces of finite groups to certain Deligne-Mumford stacks; recently, Hopkins and Lurie have obtained a generalization in another direction, replacing BG = K(G, 1) by a space with finitely many non-zero homotopy groups, all of which are finite.
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Recollection from equivariant stable homotopy theory
The main tool for the proof of our theorems is equivariant stable homotopy theory. In this section we will recall some basic definitions and theorems from [10] .
Let G be a compact Lie group. We say a real G-inner product space U is a G-universe if it is a direct sum of finite dimensional Grepresentations and contains countably infinite copies of the trivial representation and any other irreducible representations it contains. U is called complete if it contains all irreducible finite dimensional representations. For finite dimensional representations V ⊂ W in U, write W − V = V ⊥ ∩ W . From now on U will be assumed to be a complete G-universe. A G-spectrum D (indexed over U) consists of a pointed G-space D(V ) for each finite dimensional representation V in U and a based G-map A morphism f : D → E between G-spectra consists a collection of based maps {f V : D(V ) → E(V )} V which commute with the structure maps of D and E. The category of G-spectra is denote by GSU.
We will also work with G-spectra indexed on the smaller universe U N , the N-fixed points of U for some normal subgroup N ⊂ G. The
G-spectra indexed on this trivial universe U G are called naive G-spectra. Let i : U N → U be the inclusion. Evidently there is a functor i * : GSU → GSU N which forgets spaces indexed on representations V not contained in U N . It has a left adjoint i * : GSU N → GSU. Also, there is a functor ε * : JSU N → GSU N , where J = G/N, which assigns G-action to D ∈ JSU N via the quotient map ε : G → J. This functor has both left adjoint and right adjoint, namely taking N-orbit and N-fixed point respectively.
GSU
Analogous to G-CW complexes, G-CW spectra are spectra which are built from cell spectra (G/H) + ∧ S n , where H ⊂ G is a subgroup and n ∈ Z. The set of homotopy classes of maps from D to E is denoted by [D, E] . The following theorem relates homotopy classes of maps of spectra indexed on different universes. 
Two important ingredients of equivariant stable homotopy theory in the proof of our main theorem are the equivariant Spanier-Whitehead duality (Theorem 2.2) and a generalized Adams' isomorphism (Theorem 2.3). We will state these results and explain the construction of the maps involved.
Suppose G is a compact Lie group and M is a closed G-manifold.
The equivariant version of Spanier-Whitehead theorem states that the suspension spectrum Σ ∞ M + and the Thom spectrum M −T M are dual to each other in the category of G-spectra. 
between G-spectra in the category GSU.
The map (12) can be constructed in the following way which is slightly different from the construction given in [10] . Let Q → M be a G-vector bundle such that Q ⊕ T M ∼ = M × V for some finite dimensional G-representation V as above. Consider the composition
where s : M → Q is the zero section. The normal bundle of this composition is the trivial bundle M × V . Pontryagin-Thom construction gives a based map
Since Q ⊕ T M ∼ = M × V , taking infinite suspension followed by desuspension Σ −V gives a map
of G-spectra. By further composing with the infinite suspension of the collapse map M + → pt + = S 0 and taking adjoint, we obtain the equivalence (12) .
Another important theorem for us is the following generalization of Adams' isomorphism. 
Then there is a transfer map
whose adjointτ
Let us also recall the construction of (14) described in the proof of [10, II, Theorem 7.1]. To better fit our notation, we replace the group Γ = G × c G, the semi-direct product defined by the conjugation action of the first factor on the second one, in their construction by the isomorphic group G 2 via the isomorphism (g, n) → (gn, g). Under this identification, the normal subgroup Π = 1 × c G ⊂ Γ and the map θ, ǫ : Γ → G in their proof becomes G × 1 and the projection
2 . We will explain the construction of the map (14) in terms of
By identifying g with the left invariant tangent vector fields on G, the tangent bundle T G ′ is isomorphic to the trivial bundle
Using the bijection (17), this corresponds to a map
3. Tate spectrum and the duality map 3.1. Tate spectrum. As mentioned in the introduction, Greenlees and Sadofsky proved that the Morava K-theory of the classifying space of a finite group is self dual [6] . A main ingredient in their proof is the contractibility of the Tate spectrum of K(n). In this section, we first recall the definition of Tate spectrum and their results. Secondly we will define our duality map (5) in theorem 1.1 and relate it to another Tate spectrum. For a general reference on Tate spectrum, see [5] . Let G be a compact Lie group and U be a complete G-universe. We will primarily work in three different categories of spectra, namely GSU, GSU G and SU G . Consider the n-th Morava K-theory spectrum. It is a non-equivariant spectrum, but can also be regarded as a naive G-spectrum with trivial G-action. We use the same notation K(n) to represent it in both SU G and GSU G . The inclusion i : U G → U induces the change of universe functor i * and i * K(n) ∈ GSU is a G-spectrum.
Consider the cofiber sequence of pointed spaces
The first map collapses EG to the non-basepoint of S 0 . The cofiber EG is homotopy equivalent to the unreduced suspension of EG. Let X ∈ GSU be a G-spectrum. The collapse map
The smash product of (20) and (21) gives the following commutative diagram in GSU
Both rows of (22) are cofiber sequences. The Tate spectrum of X is defined to be the last term t G (X) = EG ∧ F (EG + , X). Since EG is contractible, the left vertical map, being the smash product of EG + with the non-equivariant equivalence G-map (21), is a G-equivalence. Hence, t G (X) is the cofiber of the composite
Let g be the adjoint representation of G and M be a closed G-manifold. (23) . By the G-freeness of EG, theorem 2.3 and Spanier-Whitehead duality,
are equivalences in SU G . By taking G-fixed point of α G,M , we get a map
As we will show in proposition 3.2, (24) is equal to the smash product of K(n) with the map (5) in theorem 1.1. Therefore, theorem 1.1(b) is equivalent to the contractibility of
Making use of the complex orientability of Morava K-theory and the result of Ravenel that K(n) * (BG) has finite rank [14] , Greenlees and Sadofsky proved the contractibility of this Tate spectrum in the case M is a point and G is finite.
The contractibility of the cofiber t G (i * K(n)) G implies that
is an equivalence and hence gives the self K(n)-duality of BG by taking homotopy groups.
3.2.
A K (n)-duality map for equivariant manifolds. As mentioned in the introduction, Strickland described the construction of (25) in a slightly different way [16] . Let us recall his construction. Suppose G is a finite group. Let EG 2 and G ′ , a diffeomorphic copy of G, be
respectively. The collapse map of G ′ to a point induces a covering map
′ is homotopically the classifying space BG. The covering map can be regarded as a homotopy version of the diagonal map BG → BG 2 . Let U ′ be a complete G 2 -universe and
This morphism t is the special case of (16) for finite G. By the G 2 -freeness of EG 2 and theorem 2.1, there exists a morphism β :
of (3) in the introduction. Composing this transfer map with the collapse map Σ ∞ BG + → S and taking adjoint give us (4). As pointed out by Strickland in [16] , the smash product of K(n) with (4) is the map α G G,pt of (25). We now define the map (5) in theorem 1.1. Its construction combines those of the equivariant Spanier-Whitehead duality (12) and K(n)-duality map (4) for BG.
Suppose G is a compact Lie group and U ′ is a complete G 2 -universe.
2 . For any G-space or G-spectrum X, let X i , i = 1, 2, be the G 2 -space or G 2 -spectrum π * i X, where π 1 , π 2 : G 2 → G be the projection to the first and second factor respectively.
Let M be a closed G-manifold. Define a G 2 -equivariant map (15), we can take ι G,M to be the map defined by
Since the domain of the smash product EG
! is the image of a morphism
in the category S(U ′ ) G 2 of non-equivariant spectra. Composing (29) with the collapse map
and taking adjoint, we finally get the map
which is defined to be the map (5) in theorem 1.1.
The following proposition relates the map α G,M of (24) with our duality map λ G,M of (5). The special case M is a point and G is finite was observed by Strickland [16] .
Proof. By the definition of α G,M , the adjoint
whose image under the change of universe functor i * : GSU G → GSU is the composite
Here τ is the map (14) for the case D = EG + ∧M + ∧K(n), µ is the map (13) and c is the collapse map to a point. Recall from the construction of (14) that to define τ , we identify (18) and (19). Similarly, we have the following identifications
This, together with the construction of τ given in section 2, imply that the composite (31) is the (G × 1)-orbit of a morphism
Here t is the pre-transfer map (16) . It is clear that the composite (1∧j * µ ′ ∧1)•(1∧t∧1) of the first three maps in (32) is the smash product of
+ obtained by applying Pontryagin-Thom construction and then desuspension Σ −V 2 −W to the composite embedding
The factor ι G ′ and s : M 2 → Q 2 × g 2 in the last map is (15) and the zero section respectively. Note that this composite embedding is the map ι G,M of (27) defined in the construction of λ G,M . Hence, the composite (
by the definition of β G,M in (28). By theorem 2.1, it follows that the composite
, where c G,M is the collapse map (30). This shows α
Proof of main theorem
In this section we will prove theorem 1.1 about the K(n)-duality of G-manifolds. We will first show it for G-manifolds of the form G/H, H being a finite subgroup of G. The main idea of the proof in these special cases is to reduce the K(n)-duality of EG × G (G/H) to that of BH by relating the map λ G,G/H with λ H,pt , which is known to be a K(n)-equivalence. The K(n)-duality for more general G-manifolds follows from the special cases by induction on cells.
Let G be a compact Lie group. To simplify notations, we will write X hG to denote the homotopy orbit EG × G X of a G-space X. Consider a G-manifold G/H, where H is a finite subgroup of G. Note that G/H has trivial tangent bundle G/H × g. Hence, the virtual bundle g − T M over M is zero and we have
Homotopically (G/H) hG = EG × G (G/H) is the classifying space BH.
Hence, to show that α G G,G/H induces the K(n)-duality of (G/H) hG , we want to relate it to α H H,pt , which is a weak equivalence by theorem 3.1. By proposition 3.2, it suffices to compare λ G,G/H and λ H,pt . To do this, we consider G as a (G × H)-manifold with action (g, h)x = gxh −1 . Then G/(G × 1) ∼ = pt as H-spaces and G/(1 × H) ∼ = G/H as G-spaces. It allows us to relate the two maps using λ G×H,G .
Consider ∆ G×H,G and ∆ G,G/H as defined by (26) and the maps π 
and
The two ((G × H) 2 /(1 × H))-spaces can thus be identified with the corresponding G 2 -spaces. Under these identifications, ∆ G×H,G /(1×H) 
Under these identifications, the equivariant maps discussed above induce the following commutative diagram
on homotopy orbits. Here, we use the same symbol to represent an equivariant map and its induced map the homotopy orbits. Note that all the vertical maps are weak equivalences since they can be expressed as the (G × H) 2 -orbits of non-equivariant weak equivalences between
induced by the projection EG 2 ×EH 2 → EG 2 . Also, the three horizontal maps of diagram (35) are finite covering maps. The middle one can be regarded as the pullback of the top one along π 2 G/H or the bottom one along π 2 pt . The maps β G,G/H /G 2 , β G×H,G /(G × H) 2 and β H,pt /H 2 , which are stable maps in the reversed directions as defined by (28) and (29), can be considered as the associated transfer maps of these three covering maps. They satisfy the following Mackey property.
Proposition 4.1. The following diagram
commutes.
Proof. To define the maps in the diagram, we have to work in a complete (G × H) 2 -universe U . The fixed point sets
is a complete G 2 -universe and U ′′ = U G 2 ×1 is a complete H 2 -universe. Let i ′ , i ′′ , i be the inclusion of the trivial universe
to U ′ , U ′′ and U respectively. Also, let j ′ : U ′ → U and j ′′ : U ′′ → U be inclusions to U . Recall that to define β G×H,G , one choose a (G × H) 2 -embedding ι G×H,G over ∆ G×H,G as in (27). Since T G = G × g, we can pick Q = G → G to be the zero bundle and V = g. Hence,
Applying Pontryagin Thom construction to ι G×H,G followed by desuspension Σ −W −g 2 yields a morphism
is defined to be a morphism in (G × H) 2 SU 0 such that i * β G×H,G = EG 
due to the (G × H)
2 -freeness of its domain. Note that ∆ ! G×H,G , and hence β G×H,G , are well-defined, independent of the choices of W and ι G×H,G . We will make use of this fact and pick different W and ι G×H,G to relate β G×H,G with β G,G/H and β H,pt .
Let W G be a G 2 -representation and ι G :
. Since W G and g 2 are fixed by 1×H 2 , They are in the universe U ′ . Thus, applying Pontryagin-Thom construction to ι 1 followed by desuspension Σ
By theorem 2.1 and the (G × H)
2 -freeness of EG 2 × G 1 × G 2 , there exists a unique homotopy class of morphisms
Also, note that under the identifications (33) and (34),
and so by theorem 2.1,
This proves the commutativity of the upper half of the diagram in the proposition.
Similarly, suppose ι H :
which can be regarded as a (G×H)
2 -representation through (G×H)
2 → H 2 . We take W = W H and ι G×H,G = (ι 2 , 0), where
. By applying PontryaginThom construction to ι 2 followed by desuspension Σ −W H , we can define morphisms ∆
The commutativity of the lower half of the diagram in the proposition follows.
Using proposition 4.1, we prove the following result about Tate spectrum.
Proposition 4.2. Let G be a compact Lie group and Y be a G-CW spectrum built from cells of the form (G/H)
G is contractible when Y is a point. By induction, it suffices to prove the statement for the special case Y = Σ ∞ (G/H) + , where H is a finite subgroup of G.
G is the cofiber of α Consider diagram (36) of proposition 4.1. By post-composing the three horizontal maps with the corresponding collapse maps to a point and taking adjoint, we obtain the commutative diagram
By proposition 3.2, the smash product of K(n) with the top horizontal map and the bottom horizontal map is α (36) and (37), the three horizontal maps represent the same map of X homotopically. We will explain these in more details in section 5.
Our main theorem is an easy consequence of proposition 4.2.
Proof of theorem 1.1. Part (a) is clear from the construction of λ G,M in section 3.2. If the stabilizer subgroup G x is finite for all x ∈ M, then M is a G-CW complex which can be built from cells of the form 
Duality from the viewpoint of stacks
As mentioned in the introduction, the constructions of the spectrum maps (1) and (4) underlying the Spanier-Whitehead duality for manifolds and K(n)-duality for classifying spaces of finite groups have common ingredients. Both maps are special cases of λ G,M in theorem 1.1. In this section, we will study λ G,M from the point of view of stacks. We will show that it descends to a map of stack andba can be interpreted as the Spanier-Whitehead duality map for differentiable stacks. To do this we need a version of Pontryagin-Thom map for stacks developed in [4] . We will first review some basic facts about stacks. A more detailed introduction on this subject can be found in [7] , [11] . For the theory of homotopy type of topological stacks, see [4] and [12] .
5.1. Some basic facts of stacks. Let Diff be the category of smooth manifolds and smooth maps and Gpd be the category of groupoids and natural transformations. Roughly speaking, a stack is a contravariant pseudo-functor X : Diff → Gpd which satisfies sheaf-like properties so that we can glue compatible objects and morphisms. One can also define morphisms between stacks and 2-morphisms between morphisms. They form the 2-category of stacks. Indeed, all the 2-morphisms are invertible. Two stacks X, Y are equivalent if there exist morphisms u : X → Y, v : Y → X such that v • u is 2-isomorphic to 1 X and u • v is 2-isomorphic to 1 Y . For simplicity. we will denote 2-commutative diagrams and 2-pullbacks by commutative diagrams and pullbacks respectively.
By Yoneda embedding, every smooth manifold M defines a stack. 
The smooth structure of Lie groupoids allows one to define tangent stacks for differentiable stacks. For the case X ≃ [M/G], where the G-action is almost free, the tangent stack T X → X can be described in terms of a G-vector bundle over M. At each point x ∈ M, the derivative of the map G → M given by g → gx defines a linear map g → T x M. This linear map is injective since the G-action is almost free. By varying x ∈ M, the images of these linear maps form a Gsubbundle of T M. By abuse of notation, we denote this subbundle by g. The tangent stack T X → X is the G-orbit of the quotient bundle T M/g → M.
To discuss the homotopy type of differentiable stacks, we have to consider stacks defined over the site Top, the category of compactly generated spaces and continuous maps. Analogous to differentiable stacks, topological stacks are stacks over Top arising from topological groupoids. A differentiable stack can be regarded as a topological stack by neglecting the smooth structure of the associated Lie groupoid. The homotopy type of a topological stack X is described by a morphism η X : Ho(X) → X, where Ho(X) is a topological space and η X is a universal weak equivalence in the sense that if Y → X is a morphism from a space Y , the pullback Ho(X)× X Y → Y is a weak equivalence of spaces. One can define Ho and ζ X in a functorial way [4] , [12] . Ho([ 0 / 1 ]) is given by B , the classifying space of . In particular, if
would induce a canonical weak equivalence of their classifying spaces B ≃ B . We will describe this canonical weak equivalence for the cases of quotient stacks in section 5.2.
5.2.
Proof of proposition 1.3. We first describe the canonical weak equivalences (6) and (7) in proposition 1.3. Let G,H be compact Lie groups. Suppose M is a smooth closed G-manifold and N is a smooth closed H-manifold such that their associated quotient stacks are equiv-
The pullback bundle under the diagonal map ∆ X : X → X 2 defines another atlas P → X, where P is a closed (G × H)-manifold with X ≃ [P/(G × H)]. P also fits into the pullback diagram
where the horizontal maps are principal G-bundles and the vertical maps are principal H-bundles. π M and π N is equivariant with respect to the projection map G × H → G and G × H → H respectively. The maps between the corresponding action groupoids satisfy the following commutative diagram where each of its faces is a pullback square. The vertical maps ∆ G,M , ∆ H,N and ∆ G×H,N are pullback of the diagonal map X → X 2 along the atlases of M 2 , N 2 and P 2 of X 2 . The maps between these action groupoids induce weak equivalences
between the associated classifying spaces. Note that the maps G ′ × M → X and H ′ × N 2 → X of the top square of diagram (39) define two atlases of X, and their pullback G ′ × H ′ × P is another one. There are equivalences of stacks
which induce weak equivalences
of homotopy orbits. If furthermore, the G-action on M (and hence the H-action on N) is almost free, then X is a Deligne-Mumford stack. The pullback of
Moreover, the last one is the pullback of the other two along the maps in (40). These induce weak equivalences
between the corresponding Thom spectra.
The maps (40) and (42) are the canonical weak equivalence (6) and (7) described in the introduction. We now prove that they commute with λ G,M and λ H,N as in proposition 1.3.
Proof of proposition 1.3. Let M, N, P be atlases of X as in diagram (38). To prove proposition 1.3, we will show that the diagram
commutes. Here the vertical maps are induced by (40) and (42). By the definition of λ G,M , the commutativity of (43) is an easy consequence of that of the following diagram
(44) where the left vertical maps are induced by (40) and (42) and the right vertical maps are induced by (41). The proof of the commutativity of (44) is similar to that of proposition 4.1. We relate β G×H,P with each of β G,M and β H,N by picking different data in the construction of β G×H,P .
Let
Applying Pontryagin-Thom construction to ι 1 and ι G×H,P followed by desuspension Σ −W G −V 2 and Σ −W G −V 2 −h 2 respectively yields morphisms
By theorem 2.1 and the (G × H)
2 -freeness of EG 2 × P 1 × P 2 , there exist unique homotopy classes of morphisms
and so β G×H,P = EH 2 + ∧ β 1 . On the other hand, under the identifications
2 . This proves the commutativity of the upper half of the diagram in the proposition. The commutativity of the bottom half of the diagram is proved similarly.
5.3.
Stack version of Spanier-Whitehead type construction. As mentioned in the introduction, proposition 1.3 allows us to interpret λ G,M in (5) as a map λ X of the stack X = [M/G]. Indeed, it is also possible to describe the construction of λ G,M in terms of X. We will look at the construction of λ G,M from the point of view of stacks and compare it with that of the Spanier-Whitehead duality for manifolds.
Recall that the Spanier-Whitehead duality for manifolds arises from the Pontryagin-Thom maps for diagonal maps of manifolds. In [4] Ebert and Giansiracusa generalized the construction of PontryaginThom maps to a certain class of maps between differentiable stacks. For such a map f : X → Y with stable normal bundle v(f ), their construction yields a map
We will apply Pontryagin-Thom construction to the diagonal map ∆ X : X → X 2 of a differentiable Deligne-Mumford stack X ≃ [M/G]. In this case, the normal bundle v(∆ X ) over X is isomorphic to T X ∼ = ∆ * X (X × T X), the pullback of the vector bundle X × T X → X 2 along ∆ X . By a slight variation of the construction of (45), we define a map
of spectra. This map is analogous to (13) in the construction of SpanierWhitehead duality for manifolds. Let X be a differentiable Deligne-Mumford stack. Suppose X ≃ [M/G] for some smooth closed manifold M with an almost free action by a compact Lie group G. Recall that for a G-space X and i = 1, 2, we denote by X i the G 2 -space π * i X, where π i : G 2 → G is the projection to the i-th factor. Also, the
The pullback of the atlas
There is a pullback diagram
The diagonal map ∆ X can be represented by the G 2 -orbit of the map
Unlike the case of manifolds, this diagonal map ∆ X is not an embedding in general. Nevertheless, since M and G ′ can be embedded into a G-representation and G 2 -representation respectively, X can be embedded into a vector bundle of X 2 over ∆ X as we will describe below.
Suppose
and η G,M descend to morphisms of stacks which satisfy the following commutative diagram
The homotopy type of X 2 is represented by an universal weak equivalence ζ X 2 : Ho(X 2 ) → X 2 . The pullback of ζ X 2 along ∆ X is another universal weak equivalence and can be regarded as the homotopy type ζ X : Ho(X) → X of X. By taking pullback along ζ X 2 , we obtain a commutative diagram
of spaces from (47). The open embedding Ho(η X ) defines a based map
between the two Thom spaces. Note that T X ⊕ g ⊕ Q = V. Hence, a twisted version of desuspension by the vector bundle V 2 ⊕ W → X 
which is the map (9) in corollary 1.4. For the case where X is a manifold, the construction of λ X described above reduces to that of the classical Spanier-Whitehead duality.
Some examples on finite groups
In this section we look at the K(n)-duality of stacks defined by finite groups. In section 6.1 we study the relation between the K(n)-duality of a finite group with that of its subgroups and prove theorem 1.7. Some calculations of the intersection product and K(n)-fundamental class of cyclic p-groups will be given in section 6.2. 
Next, we look at intersection of subgroups. Recall from definition 1.6 in the introduction that two subgroups H and K of a finite group G are said to intersect transversely if HK := {hk|h ∈ H, k ∈ K} = G. Proof. We will show each of (i) and (ii) is equivalent to (ii) by counting argument. To show (i)⇔(iii), let H × K acts on HK by (h, k)x = hxk −1 . It is clear that it is a transitive action with the stabilizer of e ∈ HK equals to {(a, a −1 )|a ∈ H ∩ K}, which has cardinality |H ∩ K|. Hence, |H||K|/|H ∩ K| = |HK|. As a result, HK = G if and only if |H||K|/|H ∩ K| = |G|.
For (ii)⇔(iii), it is clear that π is injective. Hence, π is a bijection, and hence an isomorphism of G-sets if and only if |G/(H ∩ K)| = |G/H × G/K|. The last condition is equivalent to (ii).
An important tool for us is the Mackey property. Let π : P → Y be a finite covering. Consider f : X → Y and the pullback diagram
The Mackey property states that the diagram
commutes. We will mainly apply the Mackey property to covering maps arising from inclusions of subgroups of finite groups. The Mackey property can be used to show the relation between λ G and λ H for H ⊂ G. Proof. Consider the following commutative diagram of group monomorphisms and its induced diagram on classifying spaces
/ / BG × BG Since G × H, ∆ G (G) are transverse subgroups of G × G, proposition 6.2 implies that the second diagram is a pullback diagram. Also, the Proof. By proposition 6.3 and definitions of λ G and λ G×G , we have the commutative diagram K(n) * (BG)
By the fact that the right vertical composite in the diagram defines cup product, the formula we want to prove follows from the commutativity of the diagram.
Lemma 6.5. Let G be a finite group and i : H ⊂ G be a subgroup. Then the composite
Proof. By taking K(n)-homology of (48) and applying proposition 6.4, there is a commutative diagram
Here we add subscripts to ∩ to distinguish between the two intersection products in K(n) * (BG) and K(n) 
